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Abstract

This article establishes existence, non-existence and Liouville-type theorems for nonlinear
equations of the form
—div(|z|*Du) = f(z,u), w>0, in Q,

where N > 3, Q is an open domain in R containing the origin, N —24-a > 0 and f satisfies struc-
tural conditions, including certain growth properties. The first main result is a non-existence
theorem for boundary-value problems in bounded domains star-shaped with respect to the ori-
gin, provided f exhibits supercritical growth. A consequence of this is the existence of positive
entire solutions to the equation for f exhibiting the same growth. A Liouville-type theorem is
then established, which asserts no positive solution of the equation in Q = R¥ exists provided
the growth of f is subcritical. The results are then extended to systems of the form

—div(|z|*Duy) = f1(z,u1, uz), —div(|z|* Dug) = fa(x, u1, u2), us, uz >0, in Q,

but after overcoming additional obstacles not present in the single equation. Specific cases of
our results recover classical ones for a renowned problem connected with finding best constants
in Hardy-Sobolev and Caffarelli-Kohn-Nirenberg inequalities as well as existence results for
well-known elliptic systems.

Keywords: Caffarelli-Kohn-Nirenberg inequalities, Lane-Emden equation, Liouville theorem, Hardy-
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1 Introduction

In this paper, we first examine the general elliptic equation
—div(|z|*Du) = f(x,u), u >0, in £, (1.1)

where N > 3, Q is an open domain containing the origin, Qp := Q\{0}, p > 1, N -2+ a > 0,
Du denotes the gradient of u, and f : ©Qy x [0,00) — R is a smooth mapping satisfying a local
Lipschitz-type condition and various structural and growth assumptions. Specifically, we always
assume that
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(I) f(z,0) =0 and f(z,u) > 0 for all z € Qy, u > 0,
(IT) 0 <u < w implies f(z,u) < f(z,v), for all z € Qo,

(III) there is a b > a —2 > —N such that for each compact w C [0,00), there exists L > 0 such
that
|f (z,u) — f(x,v)| < L|z[’lu —v| for z € Qy, u,v € w.

The methods we employ for the single equation, after careful modifications and under certain
assumptions, do carry over to systems of the form

div(|z|*Duq)+ f1(z, w1, u2) =0,
div(|z|*Dua)+ fa(z, ui, u2) =0, u1, uz >0, in Q. (1.2)

So for completeness, we shall include results for this system akin to those for single equations. For
simplicity we will often express ([1.2)) in the concise vector form

div(|z|*DU) + F(x,U) =0, U >0, in €, (1.3)

where U = (u1,u2) and F' = (f1, f2). Relations such as U > 0, U > 0, etc, are understood to
hold component-wise. If U > 0 and P = (p1,p2) > (1,1), we define the scalars |P| = p; + p2 and
UP = u"ub?. We always assume fi, fa : Qo x [0,00) x [0,00) — [0,00) are both smooth and
satisfy the analogues of conditions (I)—(III) as above for f, except we replace the second condition
with the cooperative property: for i = 1,2,

(Ir) U <V and u; = v; imply fi(z,U) < fi(z,V). (1.4)

By a positive solution u of problem we mean a function u : Q@ — (0,00) of the class
C?() N C(Q) satisfying the equation pointwise everywhere in Qg := Q\{0}. A solution U =
(u1,us) € (C?() N C(Q))? of system is understood analogously.

Let us motivate our interest in studying equation and system . For the scalar equation,
the model example here is perhaps the weighted power nonlinearity f(z,u) = |x]bu7’ , which reduces
into the well-known problem,

div(|z|*Du) + |z[’u? = 0, u > 0, in Q, (1.5)

where N >3, p>1,b> —N and N — 2+ a > 0. Equation ((1.5)) is essentially the Euler-Lagrange
equation for a variational problem connected with the following sharp Caffarelli-Kohn-Nirenberg
inequality [3]: there exists a best constant C' = C(N, a,b) > 0, depending only on N, a and b, such
that

2/(p+1
o [ apirrtan)™™ < [ lapogP s tor f € C@Y)
RN RN

provided that % +1 = % Quantitative and qualitative properties—e.g., existence, non-
existence, classification, asymptotic behavior, symmetry-breaking, etc—of the optimizers for this
class of sharp inequalities were examined earlier in [4, [6] (also see the cited papers there). Addi-
tional examination of the differential equation itself can be found in [8] 9, 12} [24] and the references
therein. Our results may be viewed as direct extensions of some of those obtained in these papers.



Further, the motivating problems mentioned above and studied in the cited papers also explain
some of the natural assumptions we place on the parameters N, a, b, p, etc.
We should mention the notable case a = 0, which gives the equation

Au+ |z’ =0, u >0, in Q. (1.6)

Problem is sometimes known as the Hénon-Lane-Emden equation (or just Lane-Emden equa-
tion if b = 0). If Q = R, equation has several important applications, e.g., it arises as an
astrophysical model for stellar cluster formation; it comprises the blow-up equation used to ob-
tain a priori estimates for a class of elliptic boundary value problems; and it appears in geometric
problems such as Yamabe’s problem and sharp Sobolev inequalities. For additional closely-related
papers concerning equation , the reader is referred to [I, [7, 8] and the references therein.

For system , specific cases such as those involving Laplace operators and weighted power
nonlinearities have received considerable attention in the past few decades. Much effort has been
directed in obtaining sharp existence and non-existence results on the positive solutions [2} 5], 10}
17, 19]. Obtaining such sharp existence results is typically far more difficult for coupled systems
than for scalar equations. For instance, we mention the renowned Lane-Emden system, which
corresponds to (1.2) when N > 2, a=b=0, p1, p2 > 0, f1(2,U) = ub" and fo(z,U) = u}?>. Even
for this relatively simpler case, establishing an optimal Liouville-type theorem remains open though
partial results are known. More precisely, the conjecture asserts the Lane-Emden system admits
no positive classical solutions if and only if

1 1 N —2
H(pl,pg) = 1—|—p1+1+p2 > N (17)
The existence of positive radial solutions whenever H (p1,p2) < (N — 2)/N was obtained in [21].
Meanwhile, the non-existence of positive radial solutions whenever holds was proved in [16].
Thus, the conjecture is resolved in the class of radially symmetric solutions. In general, however,
the conjecture—specifically the non-existence part—has only been verified in the lower dimensions
N < 4 [18, 120, 22] (see also [2 [11]).

Our main motivation in this article is to identify conditions ensuring the existence or non-
existence of positive solutions to problem for both © = RY and for bounded star-shaped
domains with prescribed zero boundary conditions. Consequently, we recover and extend such
results for problem and its special cases. As our results illustrate, albeit not surprisingly, the
existence and non-existence of positive solutions depend precisely on the domain and the structure
and growth behavior of the nonlinearities. Furthermore, an underlying difficulty in examining our
class of problems stems from the possible singular or degenerate operator div(|z|*D -) coupled with
a possible inhomogeneity in the nonlinearity f, see, e.g., equation (1.5). The previous methods
which proved successful for addressing specific cases, e.g. the Lane-Emden equation, no longer
apply easily to our general problem. We circumvent such difficulties in obtaining non-existence
results using ideas influenced mainly by the work in [2, [19], and for the existence results we adopt
ideas from [I3], 14} 15, 23]. That is, by carefully utilizing shooting methods, Kelvin transforms,
comparison arguments, and moving plane methods adapted to infinite cylindrical domains, we are
able to extend the classical existence and non-existence results to equation and system .

1.1 Results for single equations

Our first main result is a non-existence theorem for bounded domains, provided that f has super-
critical growth and € is star-shaped.



Theorem 1. Let N >3, N —2+a > 0, Q is an open bounded domain star-shaped with respect to
the origin, and 0 is smooth. We further assume for every (x,y) € g x [0, 00),

N+4+2—a 2
w—> p- N=2¥a f(u” N=2Fax, py) is non-decreasing in [1,00). (1.8)

Then the problem

{div(|x|“DU) + f@,u)=0 inQ, (1.9)

u=20 on 0S,
has no positive solution in 2.

The above theorem is reminiscent of the non-existence result for the Lane-Emden equation,
however, we prove it in the spirit of [I9] via comparison arguments and Kelvin transforms rather
than through Pohozaev-type identities. Combining Theorem [I] with a basic shooting argument
yields the following existence result for in Q =RV,

Theorem 2. Let @ = RN, N >3 and N —2+a > 0. We further assume for every (z,y) €
RM\ {0} x [0,00), the growth condition (1.8) holds. Then there exists a positive solution to equation

D).

For the whole space domain, we have the following Liouville-type theorem for problem ({1.1)).
Theorem 3. Let Q =R, N >3, N —2+a > 0 and the nonlinearity f satisfies

(i) for every (z,y) € Qo x [0, 00),

N+2—a

w—> ;LN—2+af(,uN—22+ax,,u_1y) is (strictly) increasing in p € [1,00), (1.10)

i) there exist d > 0,b>a—2 and 1 < p < pg(a,b) := Nt2£2=a och that for large R > 1,
N—24a

f(z,y) = dlz|’y? for (z,y) € B{(0) x [0,00). (1.11)

Then problem (1.1 has no positive solution.

Nonlinearities exhibiting properties (1.8) and (1.10) are sometimes said to have supercritical
and (strictly) subcritical growth, respectively. Our general results above recover and extend the
following sharp existence result for equation (1.5 with Q = R¥.

Corollary 1. Let Q=RYN, N>3, p>1andb>a—2> —N.
(a) Equation (1.5) has no positive solution if p < ps(a,b).
(b) Equation (1.5) admits a positive solution if p > pg(a,b).

We note that the existence result of (a) and the non-existence result of (b) in Corollary |1{ were
already obtained, among other interesting and related results, in [12] and [8], respectively.



1.2 Results for the system of equations

We extend the previous results to system ([1.2). Although we establish these results via similar
approaches from the scalar case, obstructions appear in the systems case requiring us to place
additional assumptions on nonlinearities and to modify some of the methods we employ.

Theorem 4. Let N >3, N—2+a >0, E = [0,00) x [0,00) and assume for every (z,Y) € Qo x E,

N+2—a 2

w— p N=2Fa F(u~ N=2Fax, uY) is non-decreasing in [1,00). (1.12)

(a) Let Q be an open, bounded smooth domain that is star-shaped with respect to the origin.
Then the problem

div(|z|*DU) + F(x,U) =0 in Q, (1.13)
U=0 on 0%,

has no positive solution in Q. (b) If @ = RN and it further holds that

then (1.3) admits a positive solution.

Theorem 5. Let Q =R, N >3, N —2+a > 0 and the nonlinearity F satisfies

(i)for every (xz,Y) € Qo x E,
N+2—a 2 1 . . . . .
W —> pN=2%a P(uN=2%ag, " °Y) s (strictly) increasing in p € [1,00). (1.15)

(ii) For i = 1,2 there exist d > 0, b > a — 2 and P* > (1,1) with |P'| < ps(a,b) such that for
large R > 1, _
fi(@,Y) > d|z|’YT" for (x,Y) € B4(0) x E. (1.16)

Then problem (1.3|) has no positive entire solution.
Consequences of Theorems [ and [f] are the following.

Corollary 2. Let N >3, QCRN, p,q,7,s >1,b>a—2> —N, and consider the system

) " bor s _ (1.17)
div(|x|*Dug) + |z|ufus = 0,uy, ug > 0, in .

{div(|x]aDu1) + |z|Pufud = 0,
(a) For Q = RN, system (1.17)) has no positive solution whenever
max{p + ¢,7 + s} < ps(a,b).

(b) Let Q2 be a bounded, open smooth domain star-shaped with respect to the origin. Then system
. wi e boundary conditions, u; = us = 0 on 082, has no positive solution in Q) whenever
(1.17) with the bound diti 0 o, h A7} lution in Q wh

min{p + ¢,7 + s} > ps(a,b).

For Q = RN, system (1.17) admits a positive solution if q—s=1r—p>1 and r + s > ps(a,b).



This paper is organized as follows. In Section [, we arrive at several intermediate results that
comprise the essential ingredients in our proofs of the Liouville-type theorems. Particularly, after
rewriting the equation via an Emden-Fowler type transformation, we then apply a moving planes
approach to get a key monotonicity result. In Section [3| we provide the proof of Theorems and
Theorem [4], where the existence results in these theorems will follow from a basic shooting argument
combined with our non-existence result on bounded star-shaped domains. We should remark that
this shooting method requires somewhat of a technical refinement when adapted for the system
case. Then Section [ contains the proofs of Theorems [3] and Theorem [5] which relies closely on
the monotonicity result and a comparison with rescaled sub-solutions to a model boundary-value
problem.

2 Preparations and intermediate results

Let us first discuss the notation and conventions we adopt hereafter. We denote by Br(x) C RV
the open ball of radius R > 0 centered at z € RY. We denote its boundary by dBg(z), and if z = 0
and R = 1, then we write the resulting (N — 1)-dimensional unit sphere 9B;(0) as SV ! instead.
We denote the complement of Bg(z) by B%(z) = RV\Bg(z). The constant C in inequalities below
represents some universal constant that may change from line to line, or even within the same line
itself.

Some of our methods will occasionally depend on writing and its related equations in polar
coordinates. Namely, if v is a solution of in Q = RY and, for every non-zero z, we write

r=|z| and 0 = z/|z| € SN, (2.1)
and u(z) = v(r,0). Then

N -1

1
div(|z|*Du) = r¢ <8fv + Ao ta a('“)Tv + = A@’L)),
T r

where 9F := % and Ay is the Laplace-Beltrami operator on SN~ Writing f(z,u) as f(r,0,v), it

follows that v = v(r, ) satisfies

N—-1+a

r“(@fu +
,

1
Orv + ﬁAgv) + f(r,0,v) =0, v >0, in (0,00) x S¥7L. (2.2)
In view of this, we will make use of the notation
N -1
L[u] = Au + a|z|?(z - Du) and L,[v] = 8%v + T—m&«v.
2.1 A monotonicity property

A key ingredient to establishing the Liouville-type theorems is the following monotonicity result,
which we derive via the adapted method of moving planes.

Lemma 1. Let N >3, Q = RN, v = (N —2+a)/2 > 0, and suppose u is a positive solution
of (L.1) and that assumption (i) in Theorem [3 holds. Then |z|Yu(z) is monotone increasing with
respect to |x|.



Proof. Let u be a positive solution of with Q = RY.

Step 1. We apply an Emden-Fowler type transformation.

Let (r,0) € (0,00) x SV~ represent polar coordinates as defined in and set v(r,0) as
before. For a fixed v > 0, by writing w(¢,6) = r7v(r,0) where t = Inr and recalling that v(r,§)
satisfies , it follows that w(t, 8) is a positive solution of

—0%w — A Oyw + Aow — Ngw = e(2+7_“)tf(et, 6,e "w) in R x SV,

where
AM=N-2+a—2yand As =y(N —2+4+a—7).

If we choose v = (N — 2+ a)/2, this becomes
—02w + 7w — Agw = e (N+2=0)/2t £ (et g e y) in R x SV

It suffices to prove dyw(t,0) > 0 in R x SVN-1.

Step 2. Starting the Method of Moving Planes.
For A € R, we set ¥y = (—o0, A) x S¥~! and Ty = 9%y = {A\} x SV~1. For each t < ), we let
t* = 2\ — t, which represents the reflection of ¢ across the boundary Ty, and

w(t,0) = w(t,0) — w(t,0) for (t,0) € Ty U T.
By direct calculations, the comparison function w” satisfies

2w (t,0) — 2w (t, 0) + Agw(t, 6)
_ e((N+27a)/2)tf(et, 0, ef'ytw(t’ 0)) _ e((N+2fa)/2)tAf(et>"9’ ef'yt)‘w(t)\7 0))
< e N+2=a)/2t1p (et 9 e M(t,0)) — f(e!, 0, e M w(t,0))] in Ty, (2.3)

where the last inequality follows because in Xy, the subcritical growth condition (1.10) (with
p=e*AD7 > 1) implies

e((N+2_a)/2)tf(et, 0,e w(t,0)) < e((N+2_“)/2)tAf(etA, 0, e_vtkw(t’\, 0)).
Now we define k(t, 0) to satisfy
k(t, 0)w (¢, 0) = e N T2 (! g e w(t?,0)) — f(e, 0, wi(t,0))] ", (2.4)
where h~ = min{h,0}. Moreover, by definition, there holds
w =0 on T, (2.5)

and
lim inf w*(t,0) > 0 for any fixed \ € R. (2.6)

t——o00

The comparison function satisfies

{azwk + Mgt + K (1,0 <0 in 3, (27)

wr =0 on T},



where K(t,0) = k(t,0) — 42. By the continuity of u, the function e(~(N=2+@)/2)ty; is hounded
in ¥) uniformly in A < A. Setting ) = {(¢,0) € I, |w’(t,0) < 0}, for (£,0) € ) we obtain
0 <k(t,0) < Le2tb=a)t where L follows from the weighted Lipschitz-type assumption on f. That

is, we can find a positive constant L = L(\) such that
0 < k(t,0) < Le@**=t in ¥7 and A < X,

Recalling 2 +b —a > 0, this leads us to conclude that lim;—, o k(¢,0) = 0 uniformly for (¢,0) € Xy
and A < A. From this and the fact that v is locally bounded, we can choose A\s := Inre near —oo
such that for each A < Ao,

K(t,0) < —4?/2<0 and 0 <w <1 in %), (2.8)
We apply a maximum principle argument to show
w) >0 in Xy forall A < Ay, (2.9)

since if otherwise, there would exist a A < A9 such that infy;, w? < 0. Thus by (2.6), w* attains a
negative minimum and due to (2.5)), this minimum must be achieved away from the boundary T).
That is, there exists a point (¢,6) € X such that

w(t,0) = minw < 0. (2.10)

2
Of course, there holds 92w (%, 0) + Agw?(£,0) > 0. By and we obtain
0 < D2wME, 0) + Agw (£, 0) + K(L,0)uw?(,6),
but this contradicts with and therefore holds. Clearly,
— O = 20w >0 on Th. (2.11)
Moreover, the maximum principle and Hopf boundary lemma imply for any A < As,
w>0in ¥y and duw* < 0 on T (2.12)

since otherwise w* = 0, but this cannot occur in view of (2.7)).
Step 3. We show that we may continue to increase A so long as w? continues to satisfy (2.12)).
In fact, we show that we can increase A indefinitely. More precisely, (2.12) guarantees the value

Ao :=sup{A e R|w" >0 in ¥,, dw" <0on T, for p <A}

exists and A\g > —oo. We either have that A\g = 400 or else \g < 400, and we claim the latter
cannot happen. To this end, we assume A\g < 4+00. From the growth condition (1.10)), the fact that
w0 > 01in ), and (2.3)), we get for A < Ao,

8152/\20)‘ + Agw? — 72w <0 in Xy, (2.13)
w* =0 on 7).
The strong maximum principle and Hopf’s boundary lemma imply that, for all A < Ag,
w*>0 in Xy, and duw* <0 on T). (2.14)



We shall prove there exists dg > 0 such that for all 0 < § < dg,
wt >0 in Ty 45, (2.15)

thereby reaching a contradiction with the definition of Ag.

It follows from and ,that
Jrw(t, ) >0 for t < \.

By compactness of SV ~! and continuity, we can find §; > 0 such that

ow(t,0) >0 fort < A\g+ 6y, 6 € SV L,
On the other hand, we can find a sufficiently negative A3 < Ag such that for all A < Ag + 91,

K(t,0) < -C <0 in X, N{t <Az}
Continuity once again guarantees we can find 0 < §y < §; such that
w > 01in By N {3 <t <A} forall A < Ao+ do,
and thus condition (II) and imply
k(t,0) =0in Xy N{A3 <t < A} forall A < A+ do.

Thus, using similar arguments as found in Step 2, we can apply the maximum principle to conclude

that (2.15]) holds for all 0 < § < d§g. Therefore, we must have \g = +o0.
Since \g = o0, we have for each A € R, w* > 0 in ¥, and d,w* < 0 in T). And since
w(t,0) = w2\ — t,0) —w(t, 0), we get

dyu* = —20;w on Ty for all X € R. (2.16)

This leads us to dyw > 0 in R x S¥~1 which shows |z|7u(z) is monotone increasing in |x|. O

2.2 Some other preliminary results

Let 1 < p < ps(a,b), set a = 2tb5a

in the hypotheses of Theorem

and notice that a > . We assume the same conditions detailed

Lemma 2. Fiz d > 0 and an integer k > 2. For large R > 1, the boundary-value problem

Ly [(r)]+dRP=D=24P (1) =0,4(r) >0, for (k —1)R<r<(k+1)R, (2.17)
(k= 1)R) =¢((k +1)R) =0, '
admits a sub-solution Yg(r) with Yr(r) = O(R™®) in [(k — 1R, (k+ 1)R].
Proof. Consider the problem
V' (r) + Wz//(r) +dyP(r)=0 for —1<r<l1, (2.18)
P(=1) =9(1) =0.



Indeed, for A, K > 0 the function 1 (r) = K (1 — r?)4 satisfies 11(£1) = 0 and defining G1(r) :=

(N—14a)k
T ¥e > (0 and

Go(r) == 4A(A —1) —2A(N — 2+ a+ 2A4)(1 — r?) + dKP~1 (1 — )AL~ 1)+2,
we get

)+ S ) + ()

=K(1- )A 2[2A((N =2+ a+24)% — (N +a) + (1 — r?)G1(r))
+dKPTH1 — AP S K (1 — 72426y (r)
in —1 < r < 1. If we carefully fix suitably large A > 1 and positive constant K so that Ga(r) > 0,

the previous calculation shows v is a sub-solution of (2.18]). Now we define ¥ i to be the dilated
function

R
UR(r) = R (), (2.19)
which satisfies Yr((k — 1)R) = ¥r((k + 1)R) = 0 and
(a " R N-1+ kR —(« — kR
Lrlon] = R (W () + (o ) > =R i ()
Hence,
W)+ NI T ) £ ARG (1) S 0 for (k— )R < < (k + 1)R. 0

Lemma 3. Let u be a positive solution of (I.1)) in Q = RN and let the assumptions of Theoremlg
hold. Then for each R > 1

(N—24a)/2
1t ) in BS(0).

u(x) > min u(y (—

() 2 i g

Proof. From Lemma [l| we get dw(t,0) > 0 in R x S¥~1 which implies yv(r,6) + rdv(r,0) > 0
in (0,00) x S¥~1. From the previous estimate we get d,v(r,0)/v(r,0) > —v/r and integrating this
from R to r > R along the radius leads to the desired conclusion. O

3 Proof of Theorems [1H2 and Theorem [4l

Proof of Theorem[1 Let u be a positive solution of (1.9)), and let Bg(0) be the smallest open ball
containing €. For each 0 < p < R, we define X, = Q\B,(0), and for any = € ¥,, we define the
Kelvin transform of u by

N—2+a
) u(xf), x € X,

uy(z) = <£

||

where 2 = p?x/|z|? and u, is defined in X, since ) is assumed to be star-shaped with respect
to the origin. By writing u = v(r,6) in polar coordinates so that v,(r,0) = (p/r)N =2+ (p?/r,0),

10



direct calculations reveal that

N -1

1
r? (872,’Up(’l”, 9) + f—i_aarvp(ra 0) + ﬁAGUp(Ta 0))

2
+ (ByNTep g (BT INTE, () = 0.

T r T

Hence, u,(x) satisfies

a0 2 C(Neoia _
div(|z|*Du,(z)) + (Q)NH f(fx?, (‘%) (N=2+ )up(:n)) =0 in X,. (3.1)

Using (T.8) with p = (|z|/p)N =2+ > 1, this leads to
div(|z|*Du,(z)) + f(z,up(z)) <0 in X,

Define w, = u, — u, which satisfies

{div(x|apr) + C(z)w, <0 in X, (3.2)

w, > 0 on 0%,

where C(z) is bounded by our assumptions on f. For each connected component Z of ¥,, the
positivity of u and since (2 is star-shaped with respect to the origin, we have w, > 0 on a subset of
0Z\0B,(0) with positive measure. Note that we cannot assume this holds for all of 0%,\0B,(0)
since we do not assume 2 is strictly star-shaped. We choose small € > 0 so that for all p € [R—e¢, R),
meas(X,) is small enough so Varadhan’s maximum principle for small volume domains applies and
yields w, > 0 for all such p; and the positivity of u again implies that w, > 0 in each Z and thus
on all of ¥,.

Next, we prove the maximal interval (pg, R) for which w, > 0 in X, for all p € (po, R) is
actually (0, R). To this end, assume on the contrary that py > 0. Note that w,, > 0 in X,,. We
choose a subset ¥’ CC ¥,, and small € € (0,pp) guaranteeing meas(X,\X’) is small enough for
each p € (pg — €, po) so that the maximum principle for small volume domains applies to

{div(|$!apr) +C(x)w, <0 in E,\X, (3.3)

w, >0 on 0(X,\¥),
to get w, > 0 in ¥,\YX’. Reducing e if necessary, we may assume w, > § > 0 in ¥’, and we conclude

w, > 0 in the interval (pg — €, R). This is a contradiction and thus pg = 0. Particularly, we have
proven that for every fixed x € Q,

p \N—2+a /p?g
<m> U<W) > u(x) for each 0 < p < |z|. (3.4)
Sending p — 0 in (3.4) yields an absurdity in view of the positivity of wu. O

Proof of Theorem [3. We shall seek radially symmetric solutions of (I.1)) with Q = RY using Theo-
rem [I]and a simple shooting method. In particular, our strategy is to search for radially symmetric
solutions, in which case (2.2)) suggests we solve the initial-value problem,

r*Ly[v(r)] + f(r,v(r)) =0, v(r) >0, r >0,

3.9
v(0) = B >0, PN/ (r) = o(1) at 0. 39
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The local existence and uniqueness of a positive solution v = v(r) € C2((0,7)) N C([0,7)) for some
7 > 0 follows by seeking fixed points of

Tr(v) = f — /O /Ot (ﬁ)f(s,v(s))dsdt. (3.6)

The latter is a consequence of our assumptions on f and Banach’s fixed point theorem. For
convenience, we denote the solution of by v(r; 3).

We note that N — 1 + a > 0 and multiplying the equation in by V71, we easily arrive
at —(rN=1*%/(r))" > 0 for r > 0. Integrating this differential inequality leads to v’(r; 3) < 0, i.e.,
the positive solution v(r; ) is monotone decreasing. Now we denote by ro = ro(3) € (0, +0o0] the
maximal time of existence for the positive solution. Observe it is enough to show the existence of
an initial shooting position 5 > 0 such that r¢(8) = +oc.

To proceed, we assume the contrary that ro(3) < +oo for each 5 > 0. Then the monotonicity of
solutions ensures v(ro(3); 8) = 0. This implies that u(x) := v(|z|; ) € C?(Q) N C(Q) is a positive
(radially symmetric) solution of the Dirichlet problem with Q@ = B,,(0). This, however,
contradicts Theorem |[1| and hence 7¢(8x) = +oo for some B, > 0. Thus, u(z) = v(|z|; B«) is a
positive (radially symmetric) solution of with Q = RV, O

We now provide the proof of Theorem [, which is mostly the same as the one for Theorems
However, our shooting argument requires further technical modifications, since a more careful
setup is needed in finding a proper initial shooting position. Namely, we need to carefully set up a
degree argument to identify appropriate initial conditions, and the approach we adopt is inspired
by ideas from [15], also see [13], 14].

Proof of Theorem[]]. For part (a), we suppose U is a positive solution of ((1.3) and we define

Up(;c) _ ( p )N—2+a

m U(Ip), x € Zp,

where z¥ and X, are defined as before. Then, by adopting the same essential arguments as those
in our proof of Theorem [1I] and invoking the cooperative property of F, we similarly conclude for
each x € Q,
p N—2+4a P
(m> U(z?) > U(x) for each 0 < p < |z|.
Hence, sending p — 0 leads to a contradiction with the positivity of solutions.

Part (b) requires a more careful approach than the single equation case. More precisely, we
must invoke a topological fixed point argument to get an appropriate initial condition that results
in a global entire solution.

Step 1: Set up an appropriate initial-value problem.

First, for each 8 = (B1, f2) > 0, we consider the initial-value problem,

r*Lylvi(r)] + fi(r,V(r)) =0, vi(r) >0, r > 0,
¢ Lylva(r)] + fa(r,V(r)) =0, va(r) > 0, r > 0, (3.7)
V(0) = B, TNV (1) = o(1) at 0,
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where recall that V' = (v1,v2). For convenience, we denote by V(r) = V(r;8) € (C?((0,79)) N
C([0,70]))? the unique solution of (3.7)), where (0,7¢) is the maximal interval of existence for the
positive solution. The existence, uniqueness and monotonicity of such a solution follows from
standard arguments as described earlier. Then either ro = ro(8) = +oco, in which case V(r; )
is indeed a global positive solution, or else 1y < 400 and g would be the first time at least one
of the components of V(r; 3) vanishes at r = rg. To complete the proof, it suffices to ultimately
show the existence of a . > 0 such that ro(8.) = +00. We proceed by contradiction and assume
ro(B) < +oo for every g > 0.

Step 2: Introduce a “target” map and its properties.

Recall E = [0,00) x [0,00) and define the mapping ¢ on E, where ¢(5) = V(ro; ) for ro =
ro(B8) < 400, while we set ¢(f) = 8 on the boundary OFE. By our definition of ¢ it is easy to see
o(E) C OF.

Moreover, ¢ : E — OF is indeed continuous on E and we shall give a proof of this for
completeness and because it illustrates the reason for imposing . The continuity of ¢ at
interior points follows from basic ODE theory. So it remains to address the continuity of ¢ at the
boundary OF. Pick any §y € OF. If By = 0, then the positivity and monotonicity of solutions
imply [o(8) — ¢(Bo)| = |¢(B)] < B — Bo=0as 3 — By in E. So let By € IE\{0} and without
loss of generality, we assume 39 = (3,0) with 3 > 0. Choosing an arbitrary positive 3 = (31, B2)
sufficiently near £y, we may further assume 3; > 3/2 > 2. We claim that

va(r; B) < wi(r;B) for 0 <r <rg=ro(B). (3.8)

If not, then there would exist a minimal R; € (0,79) such that

va(r; B) < wi(r;B) in [0, R1) and wve(Ry;8) = vi(Ry;p). (3.9)
In view of and (3.9), we see fi(r,V(r;8)) < fa(r, V(r; B)) for 0 < r < Ry. Then
Br—ui(r; B) =Ty (V(r; B) < Tp,(V(r; B)) < B2 — va(r; B) (3.10)

for 0 <r < Ry, where T§(V) is defined analogously as above in (3.6). This implies that
0 < va(r; B) + B/4 < wa(r; B) + b1 — B2 < i (r; 8) for 0 <r < Ry.

By continuity, sending r — R; above leads to the absurdity va(R1;/3) < vi(Rq1;3). Hence, the
claim (3.8]) holds, which further yields (3.10) for 0 < r < ro. This reveals that, as § — [,
0 < B1—wi(ro; B) < B2 —wva(ro; B8) < B2 — 0 and thus |p(Bo) — ¢(B)] = [Bo — V(ro; 8)] <
18 = Bol + |8 = V(ro; B)] — 0.

Step 3: We show for each real £ > 0, there exists a positive B¢ = (8¢1, B¢ 2) € E such that

Be,1 + Bep =& and ¢(Be) = 0.
We prove this using a simple topological degree argument. Fix any real £ > 0 and define the
subsets

Ae={B=0:|B[:==p1+pf2=¢} and Be={fcOE : |B] <&}
Consider the homeomorphism h : B¢ — A¢ defined by

A(8) = B+ 5 (6~ 18D, 1)
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with inverse
=Y (B) = B — min{B1, B2}(1,1).

The continuity of ¢ implies the continuity of the composite map ho ¢ : Ac — A¢ on A¢ and
further notice that h o ¢ = Identity on the boundary 0A¢. Hence, for each interior point 3 of Ag,

degree(h o @, A¢, B) = degree(Identity, A¢, 3) =1
and the homotopy invariance of the degree implies h o ¢ is surjective and so ¢ is surjective as well.

In particular, there exists a non-trivial 5¢ with |3¢| = £ such that ¢(f¢) = 0.

Step 4: Since 79(f¢) < +oo and V(ro; B¢) = ¢(Be) = 0, it follows that U(z) = V(|z|; B¢) is a
positive (radially symmetric) solution of (L.13)), where Q = B,,(0). This contradicts with part (a)
of Theorem 4| Therefore, we conclude there exists a positive 3, such that U(x) = V(|z|; B«) is an
entire positive solution of in @ = RN. This completes the proof of the theorem. O

4 Proofs of Theorems [3 and [5l

Proof of Theorem[3. We proceed by contradiction and assume u € C2(RM\{0}) N C(RY) is a
positive solution of (T.1)) in Q = RY. Define 1)z as in Lemma [2{ and set

2 2+0b—
oy = and recall o = u.
p—1 p—1

By Lemma 2, Lemma [3| and « > «, there exists a suitably large Ry > 1 such that
YR, (r) <wu(r,0) in Qp, = {(r,ﬁ) ‘ (k—1Ry<r<(k+1)Rp, 0 € SNﬁl}.

By the assumptions of Theorem 3| we know f(r,0,u) > dRju? in Qp, and a(p —1) —2 = b — a.
We then deduce the two inequalities

Llu] + dRy™“u? < 0 < Ly[¢hg,] + Ry “¢h  in Qp,.
Now, for any 0 < § < 1, we define the rescaled functions

T—/{Ro)

ws(r) = 670 Ry "o ("

(4.1)
and set Qsp, = {(r, 0) | |r — kRy| < 0Ro, 0 € SN_l}. We can easily see that w; = 9¢p, and since
Oé(](p - 1) = 27

Ly[ws] + dRS™w? >0 in Qsgy,

ws =0 on IR, -
Further noting that ws(kRo) — +oo as 6 — 0, this allows us to find 0 < 5 < 1 and a point
(7,0) € Qspg, such that u > ws in Qsp  and u(7,0) = ws(7). As u is a super-solution and ws is
a sub-solution, the strong maximum principle asserts u = ws = 0 on dQ5p . This contradicts the
positivity of u, and this concludes the proof of the theorem. O
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Proof of Theorem[J. The proof is entirely similar to that of the proof of Theorem [3] so we sketch
the main steps. We start by assuming U is a positive solution of system in Q = RY. The
method of moving planes applies similarly to arrive at the analogous monotonicity result in the
radial direction. From this monotonicity, we have for ¢ = 1,2 and each R > 1,

ui(z) > lnflir}l%ui(y)(|R)(N_Ha)/2 for x € B{(0). (4.2)
y|l= T

Let ¥r = (YR, ¥R), where 1R is the same sub-solution derived in Lemmawith the proper choices
on the parameters. By (4.2)), we may find a large Ry > 1 such that

Ur(r) <U(r,0) in Qg, = {(r,0) } (k—1)Ry<r<(k+1)Ry, 0 € SN_l}.

Now let ap = max;—1 2 2/(|P'| — 1), @ = minj—1 2(2+ b —a)/(|P!| — 1), and by our assumptions on
F, fi(x,U) > dRYUT" in Qp, for each i = 1,2. Thus,

Llu;) + dRy U <0 < L, [tor,] + dRY“Uh in Qp, (i = 1,2).
For 0 < § <1, define

- KJRO
0Ro

W(a) = 5By (" - KR“))

)7¢1( (5R0

and so Ws=1 = Up, and its components satisfy

{Lr[w(g,inRgaWé ">0 in Qsg,=1{(r,0]|r — kRo| <ORy, €SN}, 43)

wis =0 on IsR, -
As wsi(kRy) — +00 as § — 0 for i = 1,2, this allows us to find 0 < § < 1, an index i € {1,2}
and a point (7,0) € Qg such that U > W5 in Qg5 and uz(7,0) = wgs;(7). As U is a super-solution

and Ws a sub-solution, condition (.4) and the strong maximum principle imply u; = ws; = 0 on
05 p,- This cannot happen and thus completes the proof. ]
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